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Abstract 

The space of Siegel cuspforms of degree 2 of weight 3 with respect to the congruence subgroup 
6J[), r2(2,4, 8) was studied by van Geemen and van Straten in Math, computation. 61 (1993). They 

showed the space is generated by six-tuple products of Igusa ^-constants, and all of them are Hecke 
' eigenforms. They gave conjecture on the explicit description of the Andrianov L-functions. In J. 

Number Theory. 125 (2007), we proved some conjectures by showing that some products are obtained 
by the Yoshida lift, a construction of Siegel eigenforms. But, other products are not obtained by the 
Yoshida lift, and our technique did not work. In this paper, we give proof for such products. As a 
consequence, we determine automorphic representations of 0(6), and give Hermitian modular forms of 
SU(2,2) of weight 4. Further, we give non-holomorphic differential threeforms on the Siegel threefold 
with respect to T 2 (2, 4, 8). 



On 



o 



X 



1 Introduction 

The Igusa ^-constant for characteristic m — {a, b, c, d} <G Q 4 is defined by 



(N 



x£Z 2 



where Z is an element of Sj2, the Siegel upper half space of degree 2. This is a Siegel modular form of 
weight 1/2, hence taking a six-tuple product of Igusa ^-constants, we get a Siegel modular form of weight 
0^ | 3. Let r(4) C Sp4(Z) be the principal congruence subgroup of level 4, and 

o 



r 2 (2,4,8) = r(2,4, 



1 + AA 45 
4C 1 + 4L> 



€ T(4) | diag(B) = diag(C) = 0, tr{A) = (mod 2) j. 



Let S , 3(r(2,4, 8)) be the space of Siegel cuspforms of weight 3 with respect to T(2,4, 8). Van Geemen 
and van Straten [5], using the 0-embedding r(2,4, 8)\f)2 1 — > P 13 given in [6], showed that 

5 3 (r(2, 4, 8)) = YLi ^S Pi (Z)Fi + E - = i C5p 4 (Z) flJ) (1.1) 

where Fj,^- are six-tuple products of Igusa ^-constants. Further, they showed that each Fi,gj belongs 
to an irreducible cuspidal automorphic representation of PGSpn(A). In particular, 

9i{Z) := 0(0,0,0,0) (2-^)0(1,0,0,0) (-200(0,1, ,o) (2)0(0,0, i,o) (-2)0(0, o,i,o) (-2)0(0, o,o,i) (2) > 
54(2) := 0(o ,0,0 ,0) (2-2)0(1,0,0,0) ( 2 2)0(o,i, 0,0) (22)6'( 0i0j i i o) (-2)0(0,0, 04) (-2)0(0,0, 1,1) (2) 

are Hecke eigenforms. By computing some eigenvalues of 31,34, they gave: 

Conjecture (van Geemen and van Straten [5]). Their Andrianov-Evdokimov L-functions are written 
as 

L(s, gi ;AE) = L(s,A), 

L( S , 54 ;AE) = L(s, (— ))L(s — 1, (— ))F(s, p\), 

up to the Euler factors at 2. Here A is an automorphic character of Q(V— T, V%), and pi is an elliptic 
cuspform of weight 4. 
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We prove 



Theorem 1.1. The conjecture is true. 

Hence g\ is in the D-critical case in the sense of Weissauer [26]. On the other hand, 34 is (^)-twist 
of a Saito-Kurokawa lift of p\ ® (^). Van Geemen and Nygaard [6] studied a quotient Y of T(2, 4, 8)\^2 
and calculated its Hodge numbers h 3 ' — h 2,1 — 1 and determined the Hasse-Weil zeta function of the 
third ctale cohomology of Y . Combining this with our result in [15], we have 

L( S ,ff c 3 t (y,Q 2 ))=L( S ,F 5 ;AE) 

and an interest in the non-holomorphic differential threeform on Y. Motivated to this reason, we give 
a non holomorphic automorphic form F§ which defines a differential threeform on T(2,4,8)\^2- F§ and 
F5 are so-called weak endoscopic lifts belonging to the same L-packet. All of these representations, 
weak endoscopic lift, Saito-Kurokawa lift, D-critical case, are familiar with us and appear in the 9- 
correspondence for GSp(4) and GO(4). Indeed, we will prove the above conjecture in section 3 by using 
the ^-correspondence. In [15], we have proved their conjectures on L(s 1 F i ; AE) for 1 < i < 6. In another 
work in preparation, by using the ^-correspondence for GSp(4) and GO(6), we will show their conjectures 
for Ff and g% are true, and give an answer for g^. Combining all these works, we will complete the proof 
for their conjectures. 

By the way, our result means that there are irreducible automorphic cuspidal representations of 
GSO(6) corresponding to these familiar representations of GSp(4). We show the following theorem in 
section 4 and hence we find holomorphic Hermitian modular forms of SU(2,2) of weight 4 from the Sicgel 
modular forms of weight 3. Notice a holomorphic Hermitian cuspform of SU(2,2) of weight 4 is canonically 
identified with a holomorphic differential fourform on a fourfold modular variety, as well as the Siegel 
cuspforms of degree 2 of weight 3. 

Theorem 1.2. Let V be an anisotropic six dimensional space defined over Q with discriminant d. 
Suppose that a Siegel eigen cuspform F of degree 2 of weight 3 appears in the ^-correspondence for 
GSp(4) and GSOy- Then, there is a holomorphic Hermitian form F of SU2,2(Q(\/—d)) of weight 4 with 

L(s,F) = ((s)L(s,F,(—);r 5 ), (1.2) 

outside of finitely many bad places. Here L(s, F) is the standard Langlands L-function of F on 50y(A)(~ 
SU2,2{Q(V— d)&)), and L(s, F, (^); r$) is the (^)-twist of the L-function of degree five (r 5 indicates 
the degree). If F satisfies the generalized Ramanujan conjecture at almost all good places, then F is a 
cuspform. 

This result is considered as a special case of an analogy of the generic transfer lift from GSp(4) to 
GL(4) (~ GSO(3,3)). Since the Siegel cuspforms F4, F 5 , F 6 which are weak endoscopic lifts, and g\ which 
is in the D-critical case satisfy the generalized Ramanujan conjecture, we obtain cuspforms F^^F^^Fq of 
SU2,2{QW~ 1)) an d gi of SU2,2{Q(V— 2))- On the other hand, by the transfer lift, a weak endoscopic 
lift of GSp(4) is lifted to a noncuspidal representation of GL(4) (c.f [1]). 

ACKNOWLEDGEMENT. I express my thanks to Professor R. Salvati Manni for suggesting to solve 
the conjectures, and to Professor T. Ibukiyama and Professor T. Yamauchi for their kind advice and 
encouragement . 

NOTATION. If G is a reductive algebraic group defined over a number field F, Irr(G(A)) denotes the 
set of the equivalence classes of irreducible automorphic representations of G(A). At a place v of F, let 
lrr(G(F v )) be the set of equivalence classes of irreducible admissible representations of G(F V ). 

2 Preliminaries 

2.1 ^-correspondence for GO(4) and GSp(4) 

In this section, we summarize the ^-correspondence for GO(4) and GSp(4). Let R be a ring, and 
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then 

GS P2n (R) = {g G GL 2n (R) \ 'gr^g = pf(g)Vn}, Sp 2n (R) = SL 2n (R) n GSp 2n (R). 

We call pf(g) the similitude norm of g. Let X/q be a four dimensional space defined over Q with a 
nondegenerate quadratic form ( , ). Let dx be the discriminant of X. We fix the standard additive 
character -0 on Q\A. Let <S(X(Q„)™) be the space of Schwartz-Bruhat functions of X(Q v ) n . The Weil 
representation r™ of Sp^QtO x Ox(Qu) defined with respect to ip v is the unitary representation on 
S(X(Q v ) n ) given by 

r%(l,h)<p v {x) = ^(/i" 1 ^, (2.1) 
r "( V" 1 = Xx(deta)\deta\ 2 <p v (xa), (2.2) 

r "(f /ll' 1 )^ = ^ C {K 2 X)) ) Mx) ' (2 ' 3) 
lW*) - 7^(s). (2.4) 



o -/„ 
/» o 



Here Xx(*) — {*,dx}v with the Hilbcrt symbol {*,*} v . The Weil constant 7 is a fourth root of unity 
depending on the anisotropic kernel of X, n and ip. The Fourier transformation <p v of ip is defined by 



if x, (x)= ip v (tr(x,y))<p(y)dy 
Jx(®„)" 



IX(Q V ) 

where dx is the self-dual Haar measure. For our later use, we only consider irreducible cuspidal auto- 
morphic representations of PGSOx(^)- Let a be such a representation. Take <p = <2> v ip v and / G a. Let 
r n = 0„r™. Let dh be a Haar measure on SOx(Q)\SOx(&)- Then, the integral 

O n (v,f)(g):= [ E CG?^Mz)/W* (2.5) 

JS0 X (Q)\S0 X (A) x£X(Q) „ 

is absolutely convergent, and an automorphic form on Sp 2n (A). By the extended Weil representation as in 
[17], 6 n (ip, f)(g) is extended to an automorphic form on PGSp 2n (A). We will denote by 0„(cr) the space 
spanned by such automorphic forms on PGSp 2n (A). We separate the explanation of the ^-correspondence 
for PGOx to PGSp4, according to dx- 

First, suppose that dx G (Q x ) 2 - In this case, X is isometric to a quaternion algebra B/q defined over 
Q with the reduced norm. Let k denote Q, Q v or A. We define the right action p(h\,h 2 )x = h^ 1 xh 2 for 
x G B(k), hi G B(k) x . By p, we have the isomorphisms 

i p : GSO x (k)~B(k) x xB(k) x /Ak x , 

SOx(k) ~ {(61,62) e S(fc) x x B(fc) x I JV B/fc (6!) = iV B/fe (6 2 )}/Afc x , (2.6) 

where Afc x denotes the diagonal embedding into B(k) x x B(k) x . Hence we can identify a cupidal pair 
(fijO^) °f Irr(P£>(A) x ) with an irreducible cuspidal automorphic representation of PGSOx(A). Fur- 
ther, 6 2 ((<Ji, c 2 )) — ® v d 2 {{<Ji Vl <j 2v )) is irreducible. For an cuspidal a G Irr(_B(A) x ), we will denote the 
Jacquet-Langlands lift of a by by er IL <G Irr(GL 2 (A)). If an irreducible cuspidal automorphic representa- 
tion n = ®„n„ of PGSpi(k) has 

i s (s,n;spin)( := JJ L(s, Yl v ; spin)) = L s (s, Tn)L s (s, ir 2 ) 

for a finite set S of places, and a cuspidal pair (tti,tt 2 ) of Irr(PGL 2 (A)), we say n is a weak endoscopic 
lift of (7ri,7r 2 ). In particular, 6 2 (((Ti,ct 2 )) is a weak endoscopic lift of (d] 11 ", cr 2 L ). Take /1 G <7i,f 2 G c 2 . 
Then (2.5) is written as 

6 2 {y,hMf 2 ){g) = [ V r 2 (g,t p (h u h 2 ))ip(x)J 1 (h 1 )f 2 (h 2 )dh 1 dh 2 . 

Jso x (q)\so x (A) x€B(Q)2 

In the case that B/q is a definite quaternion algebra, we say 6 2 ((cti, a 2 )) is the Yoshida lift of (<7i,er 2 ), 
whose archimedean component is holomorphic. In the case that B/q ~ M 2 (Q), 2 ((cri, er 2 )) is globally 
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generic, i.e., there is F € 02((o'i, CT2)) which has a nontrivial global Whittaker function. In general, a 
global Whittaker function of an automorphic form F on GSp4(A) associated to ip is defined by 



iP{-t + s 4 )F( 



1 t 
1 



1 

-t 1 



1 si s 2 
1 s 2 s 4 
1 

1 



g)dtdsids 2 ds4, 



(2.7) 



and decomposed to 8,^^. We are going to give Wf,^ v of F = 9 2 (p, fi /2). Let 

G X(Q) = M 2 (Q). 
The stabilizer subgroup Z e ^ a (k) C SOx(k) of e,a is isomorphic to 



e = 



1 " 




' 1 




, a = 


-1 







1 s 

1 



1 s 

1 



s G k 



by i p . Let = ® v /3i,$ v , farf = ®vPi,^ v be the Whittaker functions of /i,/2 with respect to ip. Then, 



J„)\SO x (Q„) 



r 2 v {g, ip(b 1 ,b 2 ))<Pv(ei,a)P lt1 p v {bi)/3 2 ,^ v {b 2 )db 1 db 2 . 



(2.8) 



Next, suppose that dx £ (Q x ) 2 - Put L = Q(y/dx) with Gal(L/Q) = {l,c}. For a quaternion algebra 
B/q <g> L, put 



BiL)* = {beB /Q <E>L\ b lc = ±b} 



(2.9) 



where 1 denotes the main involution of B. Then, X(Q) is isometric to B(L) + or B{L)~ for a suitable 
B/q. Define the right action p'(t,h)x — t~ x h lc xh for xEX 7 tEk x ,hE B(kL) x where k denotes L,L& 
or L w , the completion of L at a place w of L. By p', we have the isomorphisms 

V : {(t,b)ek x xB(Lk) x }/{(N Lk/k (s),s)\seLk x }~GSO x (k) 

{(t,b) I t 2 = N Lk/k N B{Lk) / L (b)}/{(N Lk/k (s), S ) I s G ifc x } ^ SOx(fc). (2.10) 

Let cr € Irr(Pi?(LA) x ) be cuspidal. By z p /, we can identify cr with an irreducible cuspidal automorphic 
representation of PGSOx(^)- Take / G a, and ip = ® v p v e 5(X(A)). Then from (2.5), the automorphic 
forms of 62(c) are written as 



»(¥>,/)($)= / 



V r 2 (g,i p ,(t,b)Mx)f(b)dtdb. 

SOx(Q)\SOx(A) a;g ^ )2 

In the case that B/q ~ M 2 (Q), 62(c) is globally generic. We are going to give the Whittaker function 
Wp,^ v of F = 2 (ip, /). Define an additive character ^ on L\L A by 



= ®vipv (^L w /q v (z)) , 



where w denotes a place of L lying over v. Let X(Q) = M 2 (L) . Let e,a G M 2 (L) as above. The 
stabilizer subgroup Z eiQ (A) C SOx{&) is isomorphic to 





'Is" 




1 



) I a G \Tdx~h \ 



(2.11) 



by ipi. Let = ® w p w be the global Whittaker function of / associated to ipL- If L v /Q v does not split, 
the local Whittaker function of F is given by 



J z 



Z e ,c(Qv)\SOx(Qv) 



r l {9, V {t, b))<p v (e, a)(3 w (b)dtdb 



(2.12) 
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where w is the (unique) place lying over v. Otherwise, noting that GSOx(Qv) — GL,2(L Wl )xGL 2 (L W2 
where Wi, W2 are the two places lying over v, we give 



W F ^ v {g) = / r v (g,i p (b 1 ,b2))(Pv(e,a)j3 Wl (b 1 )/3 W2 (b 2 )db 1 db2. 
Jz e , a (Q v )\SO x (Q v ) 

On the other hand, in the case that B/q is a definite quaternion algebra, we say ©2(c) is the Yoshida 
lift of a, whose archimedean component is holomorphic. Let a £ lri(PB(LA) x ) be cuspidal for a definite 
quaternion algebra B/q. Then, the archimedean component of er TL is a holomorphic discrete series 
representation with lowest weight greater than or equal to 2. By Blasius [2], er IL is tempered. Then, 
Roberts [18] says the following for the Yoshida lift 62(0-). 

Theorem 2.1 (THEOREM 8.5 of Roberts [18]). Let a be as above. Assume that <r 7L is not a base 
change lift from GL2(Qa)- Then, for every irreducible constituent II = ®„ILj of ©2(cr JL ), there is an 
irreducible constituent II' = ®„n^ of the Yoshida lift 62(0-) such that ILj ~ 11^ at every nonarchimedean 
place. 

Remark that in general ©2(0"), ©2(o" JL ) are not irreducible, different from 02((oi, 02)) in the case of 
dx € (Q x ) 2 . 



2.2 degenerate Whittaker functions 

For 1 < r < 2, let P r = N r M r be the maximal parabolic subgroup of GSp(4) with 



l r v 

l 2 - r W 



L2-r 



l r U 

l2-r 



*U 1 



1-r 



M P = 



l v e M r ,U,W £ M rj2 - 



a b 
c d 

~ GL r X G5p4_2r, 



a b 

c d 



£ GSpi-2r, z £ GL r 



where we understand GSpo = GL\,GSp2 = GL 2 . We write P\ = Q (resp. P2 = P) and call it Klingen 
(resp. Siegel) parabolic subgroup. Then we have two embeddings ep,eg of GL(2) x GL(1) into Mp r 
naturally. If E is a non-cuspform on GSp4(A), then we obtain an automorphic form on GL 2 (A) by the 
integral: 



$.{E){g,z)=vol{N.(k)\N.{A))- 1 f E(ne.{g,z))dn 

JN.(k)\N.(A) 

where • indicates P or Q. If a function W' on GSpi{&) satisfies 



(2.13) 



1 u 
1 



1 

-u 1 



1 x y 
1 y z 
1 

1 



9) - Wl(g) x 



%j){u) if • = P, 
ip(z) if • = Q, 



(2.14) 



we call it a P-degenerate (resp. Q-degenerate) Whittaker function. One can derive a »-degenerate 
Whittaker function from an automorphic form F similar to (2.7) (but it is vanishing if F is a cuspform). If 
F has a "-degenerate Whittaker function, then $.(i 7 ') is not identically zero. We define local »-degenerate 
Whittaker function on GS , p 4 (Q t) ), similarly. 
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3 Automorphic forms on GSp^(A) 

The idea of our proof of Theorem 1.1 is as follows. Let II W be the automorphic representation of GSp4,(A) 
attached to gi. From the shape of the conjectured L-function, we guess that is given by a patch of 
#-lift 6 = ® v O v . Here 6 has the conjectured L- function, and P is unramificd at p ^ 2. Obviously, P 
at p 7^ 2 has a right GSp^ (Z p )-invariant vector. At p = 2, we really construct a right T(2, 4, 8)2-invariant 
vector of 02, where T(2, 4, 8)2 is the open closure of T(2, 4, 8) in GSp^{7L 2 ). Hence, we can conclude that 
IlM = 7 using (1.1) and some eigenvalues of gi calculated by [5]. Hence, the conjecture is proven. The 
vector we compute is a local Whittaker function, or local degenerate Whittaker function of 02. These 
functions are easy to compute and we can construct easily the T(2, 4, 8)2-fixed vector. 



3.1 Proof for g±, D-critical case 

For an integral ideal n of an integer ring O, let 



rW(n) :={ 7 = 



First, we would like to show 



€ GSp 2n (0) I a 7 ,6 7 ,d 7 e M„(C),c 7 e M n (n)}. 



Proposition 3.1. Let L/Q be a quadratic extension with discriminant Sl- Let \l be the quadratic 
character associated to L/Q. Let n e Itt(PGL 2 (La)) be cuspidal with level n. Let p be a prime which 
does not split in L/Q and p the unique prime ideal of L lying over p. Then, there is / £ ©2(71") such as 

0(7)/ = XL,p(det(a 7 ))/, 7 G ifVZp), 
where g indicates the right translation and 

!ord p ((5i) + 2~ 1 ord p (n) if p is ramified and ord p (n) is even, 

ord p (<5i) + 2 _1 (ord p (n) + 1) if p is ramified and ord p (n) is odd, 
ordp(n) if p is inert. 

We will prove for the first case with L = Q(\/2) and p = 2. In other cases, the proof is similar or 
simpler, and omitted. For an integral ideal n of o p , let 



r'o(n) - 



nGL 2 {L p ). 



In the case ord p (n) = 0, the proof is easier than the below, so we omit. Suppose that ord p (n) is a positive 
(even) integer. Then, 7r p is a ramified principal series representation or a supercuspidal representation. 
Noting that the level of it is n and the conductor of ip is we see by the local newform theory 

for GL(2) that ir p has a right r (<5Ln)'-invariant local Whittaker function (3 2 associated to ipL p such that 



" 1 z ' 




' t 


1 




I— 1 



) 



r ii> Lp (z) if t g o p x , 

\ otherwise. 



)P2 = ±fc 



(3.1) 
(3.2) 



for N given in Proposition 3.1. For an integral ideal m of an integer ring O, let Ro(m) be the Eichler 
order of level m, i.e., 



Ro(m) = { 



a b 
c d 



e M 2 (0) I ce m}. 



(3.3) 



We define the Schwartz-Bruhat function of M 2 (L p ) 2 by 

tp ( ~ 1) (xi,x 2 ) = ch(xi; R (n))ch(x 2 ; R (n)) 
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where eh indicates the characteristic function. We have defined ip^> so that 

r 2 2 (g,i p/ (t,h))<pW =r 2 (5)1) ^(i) 

if (t, h) e ip, 1 (S , O x (Q2)) with h G 1^(2^) (see (2.10) for the definition of v), and so that 

r§(7,fc)¥> (1) =XL,2(deta 7 )^(l,/i)^« (3.4) 

if 7 G r (2 Ar ). Then, we are going to check that the local Whittaker function (2.12), constructed from 
I3 2 and tp (1 \ is not zero at g = 1. Put U 2 = y(Q 2 x r o(2 Ar )) n SO*^). The local Whittaker function 
at g = 1 is written as 



vol(U 2 ) / r v {l,(t,h))tp v (e,a)/3 v (h)d{t,h), 

JZ Cia (Q 2 )\SOx(®2)/V2 



(3.5) 



where (t, h) indicates the projection of (t, h) € SOx(Qt2)- By the Iwasawa decomposition of GL2(Lp), wc 
take the following complete system of representatives for Z e , Q (Q 2 )\S'Ox(Q2)/U2 (see (2.11) for Z e .a): 



i)-type (2' 



ii)-type (2 m +^ 



" 1 


s 




■ 2 m 




' 1 






1 






1 




I 


1 


N 


' 1 


s 












2 , 




1 






1 




2 N 



) with s e (Q>2) m € Z and Z e o p modulo 2^, 

1 )■ 



We observe the contribution of the above types to the integral (3.5). We will denote p'(t,h)(e,a) = 
oi bi 





«2 


&2 " 


7 


c 2 


rf 2 . 



). For the i)-type, we calculate 

p'(t,h)(e,a) = ( 

Suppose p'(t, h)(e, a) <G supp^ 1 )). Then, we find m < by observing b\. If m < 0, then 



-2- m ll c -2- m l c 



l + 2- m+1 ls 
-(l + l c )-2- m+1 ll c s 



2- m+1 s 
1 - 2- m+1 Z c s 



1 1/4 
1 



ft)(e,a) 



is also in supp^ 1 '). However, noting 



1 1/4 
1 



/i) = -/3 2 (/i), 



we conclude the contribution is canceled. Hence we can assume m = 0. Then, observing c\, we find I G p^. 
Observing 6 2 , s e 2~ 1 o p . Conversely, if m = 0, / € p N and s e 2~ 1 o p , then p'(t,h)(e,a) G supp^ 1 )). 
However, since /? 2 is a local newvector which is right ro(<5in)'-invariant, 



<?( 



1 

c 1 



)/?2 - -ft 



if c e V2 _1 5Ln \ S^n. Using this, one can check easily that the total contribution of i)-type is canceled 
by this property. On the other hand, for the ii)-type, we calculate 



p'{t,h)(e,a) = ( 





2 N-m q 



-1 

_ 2 N+l-m s 1 



Suppose p'(t,h)(e,a) € supp^ 1 )). For this, observing ci, we find m < is needed. By (3.1), we can 
assume m = 0. In this case, observing c 2 we have s e 2~ 1 o p . Then, using (3.1), one check easily that the 
total contribution of this type is not zero. Thus there is an automorphic form / G 2 (7r(A)) which has a 
right To(2 N )-semi invariant local Whittaker function Wf^ 2 such as W/,j/> 2 (1) 7^ 0. Clearly, / is also right 
T (2 N )-semi invariant in the sense of Proposition 3.1. This completes the proof of the Proposition. 
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Now, we are going to prove the conjecture for g\ . Let ( 8 = . L c t L = Q(V^) (resp. K = > \ .. . i 

with the ring of integers o (resp. D). Let p (resp. <$) be the unique (ramified) prime ideal of o (resp. 
D) lying over the prime ideal 2 of Q. Recall the definition of the quasi-character A of K£ in p. 870 of [5]. 
The conductor of A is (2) = *p 4 , and 

(D/*P 4 ) X = (C 8 (mod2)) (1 + V2(mod2)) ~ Z/4Z © Z/2Z. 

The ^-component A<p is determined by 

A«p(C 8 (mod2)) = 1, Aqj(l + V2(mod2)) = -1. 

We define the quasi-character v on Lp with conductor p 3 by v p {l+\/2{ mod p 3 )) = where (o/p 3 ) x = 

(l + \/2( mod p 3 )) ~ Z/4Z. Then, it holds Arp = VpoNj^/L- Let 7r(A) = ® v tt(\) v be the unitary irreducible 
cuspidal automorphic representation of GL 2 (La) obtained from A. By Theorem 4.6. (iii) of [9], 7r(A) p is 
a principal series representation 



where Xk/l.p 1S the quadratic character of L p associated to Krp/L p . 
Let g = diag(32, 8, 4" 1 , 1) e GSp 4 {Q 2 ) and 



(3.6) 



Kf 1 ) := 3o - 1 L( 2) (64Z 2 ) 5o 



Z 2 
4- : Z 2 
Z 2 
2Z 2 



4Z 2 
Z 2 
2Z 2 
8Z 2 



64Z 2 
32Z 2 
Z 2 
4Z 2 



32Z 2 
8Z 2 
4- : Z 2 
Z 2 



By the above discussion, we can take a right IK^-scmi invariant automorphic form / S 2 (-7r(A)) so that 
Wf^ 2 (l) 7^ 0. By the property of Whittaker function, 



si s 2 

1 

1 



)W M2 (l) = W fti!2 (l)^0 



for si,s 2 € Q 2 . Hence 



r(2,4,8) 2 



g(u)W f ^ 2 (l)du ^ 



(3.7) 



where L(2,4, 8) 2 indicates the open closure in Sp4(Z 2 ). Hence 2 (7r(A)) has a right L(2, 4, 8) 2 -invariant 
vector. Let B/q be a definite quaternion algebra which splits outside of {oo,2}. Then, B/q ® L splits 
at every nonarchimedean place of L by the Hasse principle. The multiple weight of the Hilbert modular 
forms 7r(A) over Q(y/2) is (4,2). Hence, there is a (unique) cuspidal 7r(A)' € lrr(PB(L^) x ) corresponding 
to7r(A), i.e., (tt(A)') jl =tt(A). 

Theorem 3.2. The Yoshida lift 9 2 (7r(A)') has a right L(2,4, 8) 2 x Yl p ^ 2 GSp4(Z p ) -invariant vector, as 
well as the globally generic 2 (7r(A)) of (cohomological) weight (3, —1). 

Proof. Since 7r(A) is unramified outside of {p}, the place lying over 2, 2 (7r(A)) is also unramificd 
outside of {2}. Here notice the extension L/Q is also unramified outside of {2}. At p, by the above 
discussion, we find that 2 (7r(A)) has a right L(2, 4, 8) 2 -invariant vector. Hence 2 (7r(A)) has a right 
T(2,4,8) 2 x Ilp^2 GS'p4(Zp)-invariant vector. Every base change lift has a pure multiple weight at 
archimcdcan places, but 7r(A)'s multiple weight is (4,2). Hence 7r(A) is not a base change lift from 
GL 2 {Q A ). Hence, by Theorem 2.1, e 2 (7r(A)') also has a right L(2,4,8) 2 x J] p ^ 2 GS , p 4 (Z p )-invariant 
vector. □ 

Finally, we prove the conjecture on Andrianov-Evdokimov's L- function of g-±. Evdokimov in [4] 
defined a L-function for a classical Siegel modular form F of degree 2. We denote it by L(s, F;AE) 
and call Andrianov-Evdokimov i-function of F. On the other hand, the spinor L-function is defined for 
generalized Whittaker models of an automorphic form on G5p 4 (A). Let Sf be the finite set of places 
where F is not G5p4(Z p )-invariant. Suppose F is an eigenform with respect to Evdokimov's Hcckc 
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operators outside of Sf- Extend F to an automorphic form / on GSp^A) as in the way p. 121 of [15]. 
Take an irreducible automorphic representation tt so that / is not orthogonal to n. Then it holds 

L Sf (s, tt; spin) = L Sf (s, F; AE). 

Now, recall that van Geemen and van Straten [5] decomposed the space S , 3(r(2, 4, 8)) to eleven irreducible 
5p4(Z)-orbits, where Sp^iX) acts on ,f>3(r(2, 4, 8)) in the classical way. On the other hand, as seen above, 
the Yoshida lift ©2(7r(A)') has a right r(2,4, 8)2 x Ylp^z G5 , p4(Z p )-invariant vector, hence 02(7r(A)') 
contains one orbit, at least. Among the eleven 5p4(Z) orbits of F i} gj, we find only one of g\ belongs 
02(7r(A)'), comparing Hecke eigenvalues at p = 3, 5, 7 in the table of section 8 of [5]. Hence we conclude: 

Corollary 3.3. The Yoshida lift 02(7r(A)') contains the Siegel modular form g\. The Andrianov- 
Evdokimov L-function of g\ is L(s, A), outside of {2}. The conjecture is true. 

Remark 3.4. Noting that ^|qx is ramified, one can see #2(tt(A) p ) is n °t a generically distinguished 
representation, in the sense of [17] From this, one can show #2(7r(A) p ) is not a Klingen parabolically 
representation. Further, consulting the Langlands parameters attached to parabolically induced repre- 
sentations due to Roberts and Schmidt [19], we find that #2(7r(A) p ) is supercuspidal. 

3.2 Proof for g A , a Saito-Kurokawa lift 

We extend the Siegel modular form g 4 to an automorphic form on PGSp4(A) as in the way p. 121 of 
[15], and denote it also by 54. We define the automorphic form on PGSp 4 (A) by 

54~ 2) (.9) = x-2(p.f(g))g4g) 

where X-2(*) = (^r)i an d pf{g) is the similitude norm of g e GSp 4 (A). Recall the fact that g 4 is a Hecke 
eigenform, due to [5]. Let n( 4 \x-2n' 4 ' be the unitary irreducible cuspidal automorphic representations 
attached to 54,54 . Observing eigenvalues of 34 in the table of section 8 of [5], we find that 54 does not 
satisfy the generalized Ramanujan conjecture. Indeed 

\a p i\ = \a p2 \ = p%, |a P 3|=P, \a P i\ = p 2 (3.8) 

for p = 3, 5, 7, 11, 13, 17, 19, if we write Hi=i(^ — a pi) tnc Hecke polynomial of Tl p 4 \ Then, by a general 
theory, we can say the following. 

Proposition 3.5. The automorphic representation x-2n' 4 ^ is a Saito-Kurokawa lift, i.e., 

L s ( S ,x- 2 n (4) ;spin) = Cs(s - ^Ksis + ^)L s (s,a) 

for some cuspidal a G Irr(PGL 2 (A)), and a finite set S of places. Clearly, n^ 4 ) is the x_ 2 -twist of the 
Saito-Kurokawa lift X-2IK 4 ). 

Proof. The archimedean component is a holomorphic discrete series representation of weight 
(3,3). According to Theorem I. of Weissauer [26], there is a GL4(Q 2 )- va hied Galois representation p n (4) 
of Gal(Q/Q), unramificd outside of {2}, such that 

L ( s - 2> n(4) ; s P in ) = L ( s .Pnm) 

outside of {2}. If we assume that II^ 4 ) is not a CAP representation, then p n ( 4 ) is pure of weight 3, and the 
eigenvalues of p n(4 ) (Frob p ) has absolute value p 3 / 2 outside of {2}. But, this conflicts to (3.8). Hence n^ 4 ) 
is a CAP representation, i.e., cuspidal representation associated to a parabolically induced representation. 
Recall there are three parabolic subgroups P, Q, and Borel subgroup B in Sp(4). According to Theorem 
A. of Soudry [22], every CAP representation associated to Q or B appear in the ^-correspondence for 
GSp(4) and GOt for a quadratic field T over Q. Let ctt be an automorphic representation of GOt(A) 
such as ©2(07-) D n as in Theorem A. Considering the ^-correspondence, one can see that O2(or)oo can 
not be a holomorphic discrete series representation of weight (3, 3). Hence n^ 4 ) is concluded to be a CAP 
representation associated to the Siegel parabolic subgroup P, i.e., some twist of a Saito-Kurokawa lift. 
Now, observing the eigenvalues of 54, the assertion is an immediate consequence. □ 
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Let a € Irr(P£>(A) x ) be cuspidal for a quaternion algebra B/q. Let 1b(a)* denote the trivial 
representation of B(A) . For a {±l}-valued character x of Q x \A X , we denote x a — a ® X- We abbreviate 
the noncuspidal automorphic representation x^-b(a) x of PB(A) X to x- For a pair of noncuspidal x and 
cuspidal cr, we consider Q 2 ((x,cr)), similar to cuspidal pairs. If B/q is not split, then 02((X; <J )) is 
cuspidal. In particular, if B/q is definite, we call it the Yoshida lift of (x, cr). 2 ((x, < J )) is n °t vanishing, 
if and only if L(^,x&) 7^ 0. On the other hand, if B/q is split, then 2 ((x, c)) is neither cuspidal nor 
vanishing. Indeed, one can construct / e 02((x, c)) so that Wj^ ^ 0, and hence <J>p(/) (defined in 
(2.13)) is not identically zero. 

Now then, we recall the result of Cogdell, Piatetski-Shapiro [3] and Schmidt [21]. For a cuspidal a = 
® V (J V € Irr(PGL2(A)), the global cuspidal Saito-Kurokawa packet SK(er) is the set of irreducible cuspidal 
automorphic representations of PGSpi{K) whose spinor L-functions are equal to ((s— |)£(s + ^)L(s,a), 
outside of finite sets of places. The local Saito-Kurokawa packet SK(cr v ) is the set of v components of the 
constituents of SK(cr). As explained in p.230-p.233 of [21], the p-component 9 2 ((1,<t p )) := © 2 ((l,<7)) p 
is the local Saito-Kurokawa representation of <j p which is the unique irreducible quotient of the Siegcl 
parabolically induced representation denoted by | * | 1//2 <7 P x | * | -1 / 2 in [21], [19]. Hence 2 {{x P , °>)) f° r a 
quasi-character \p is the Xp-twist of the local Saito-Kurokawa representation. One can regard 9 2 {(Xpi °p)) 
as the Xp-twist of 2 ((1, X ct p))- Then, we will see the local, global cuspidal Saito-Kurokawa packet of pi 
and x-2Pi- Let D/q be a definite quaternion algebra which splits outside of {00, 2}. As seen in section 4 
of [15], pi corresponds to an irreducible cuspidal automorphic representation of PD(A) X . We denote it 
by p[. In [15], the Siegel modular form Fx is constructed by the Yoshida lift of (1_d(a) x ; Pi)- This means 

e(^,Pi,2) = l,£(^Pi)^0. 

Since X-2(2) = —1, we have e(|, (x-2Pi)2) = —1- Since X-2P1 is unramified outside of {2}, the root 
number of X-2P1 is —1- Hence L(s, X-2P1) = —L(l — s, X-2P1), and 

L(^,x-2Pi) = 0. 

Let g v be the w-component of pi or X-2Pi- Its local Saito-Kurokawa packet is 

{{7T H , 7T 1 } at v = 00, 

{9 2 ((l GL2 ,a 2 )),9 2 ((l D ,,a' 2 ))} at v = 2, 
{0 2 ((1gl 2 ,(Ti))} otherwise, 

where a' v indicates the unique admissible irreducible representation of D* corresponding to a v . 7r H 
denotes the holomorphic discrete series representation of weight (3,3), and ir l a cohomologically induced 
representation, which is neither holomorphic, nor generic. See section 4 of [21] for further explanation. 
Since L(^,pi) 7^ 0, we conclude by the main lifting theorem of [21] that the global cuspidal Saito- 
Kurokawa packet is composed of the following two constituents: 

„ f 7T H <g> 2 ((l n x,CTo)), 
I TT <g> 9 2 ((1 GL2 ,(7 2 )). 

The Siegel modular form F\ in [5] belongs to the holomorphic constituent. On the other hand, since 
L(^,X-2Pi) = 0, we conclude 

SK(x_2Pi) = 7T e 2 (i GL2 m ((x_2 Pl)v)- 

The p-component 2 ((x- 2 . P , Pi. P )) is the unique irreducible quotient of the Siegel parabolically induced 
representation | * 1 1//2 pi, p x | * | _1 / 2 X-2,p, and x-2,p-twist of the local Saito-Kurokawa representation 
of X-2,pPi,p- The p-component 2 {{x-2, P , Pi,p)) does not have a local Whittaker function. However, it 
has a local P-degenerate Whittaker function WK . We will compute ■ From pi iP , we take a right 



rg 1 - ) (8Z p )-invariant local Whittaker function j3 p with respect to ip p . Let e' 
be the pointwise stabilizer subgroup of e, e', which is isomorphic to 



" 1 



. Let Z e , e , c SO x 



{( 



" 1 s ' 




' 1 


1 




1 



) I s e Q p } 
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by i p . Then, W% p {g) of 2 ((x-2, P , p\, P )) is realized as 



I, 



h)\GL 2 (Q P ) 



rl{g,ip(hi,h 2 ))iPp(e,e')x-2,p( det ( h 2))P P ( h 2)dh 1 dh2. 



(3.9) 



At p = 2, we define 



1 if ord 2 (oi) > 0,ord 2 (6i) = 0, ord 2 (ci), ord 2 (di) > 3, x 2 e M 2 (Z 2 ), 



otherwise. 



for x\ = 



ffll 






a 2 


b 2 ' 


Cl 


dl _ 


,ar 2 = 


c 2 


d 2 



G M 2 (Q 2 ). Let 



K< 4 > = 



+ 2 3 Z 2 


z 2 


z 2 z 2 


2 3 Z 2 


z 2 


z 2 z 2 


2 6 Z 2 


2 3 Z 2 


1 + 2 3 Z 2 2 3 Z 2 


2 3 Z 2 


z 2 


Z 2 Z 2 



nSp 4 (z 2 ). 



Then, ip 2 is right K( 4 )-invariant. We check (3.9) is not zero at g = 1 by a direct calculation similar to 
section 3.1. By g' = diag(2 4 , 2 3 , 2" 1 , 1), 



1 + 2 3 Z 2 
2 2 Z 2 
2Z 2 



2Z 2 


2 5 Z 2 


2 4 Z 2 


z 2 


2 4 Z 2 


2 3 Z 2 


2- x Z 2 


1 + 2 3 Z 2 


2 2 Z 2 


2- 3 Z 2 


2Z 2 


z 2 



ns P4 {z 2 ). 



Hence there is a local P-degenerate Whittaker function W 2 € # 2 ((X-2,2> Pi, 2)) such that W 2 (\) 7^ 
0. Then, similar to (3.7), one can construct a right L(2, 4, 8) 2 -invariant local P-degenerate Whittaker 
function. Hence 2 ((%_ 2 , pi, 2 )) has a right T(2, 4, 8) 2 -invariant vector. By the eigenvalues of 54 calculated 
in [5], we have: 

Theorem 3.6. The irreducible cuspidal automorphic representation n^ 4 ) attached to 54 is a X- 2 -twist 
of a Saito-Kurokawa lift p\. Hence x- 2 n( 4 ) is the unique constituent of global cuspidal Saito-Kurokawa 
packet of X-2Pi- 

Corollary 3.7. The Andrianov-Evdokimov's L-function of g 4 is L(s,X- 2 )L(s — 1, x_ 2 )L(s, pi). The 
conjecture for g A is true. 

Remark 3.8. The local Saito-Kurokawa representation x- 2 n 2 4 ' = 2 ((1 GL ^, x- 2 pi, 2 )) of X-2P1.2 has 
the newvector fixed by the paramodular group of level 64, according to [19]. It is possible to give the 
newvector by (3.9) with a suitable Schwartz-Bruhat function. 

The Siegel modular form F 2 given in [5] belongs to the holomorphic constituent of the global cuspidal 
Saito-Kurokawa packet of pi, as well as Pi. On the other hand the global cuspidal Saito-Kurokawa 
packet of X-1P1 is composed of two constituents, similar to that of pi. P3 belongs to the holomorphic 
constituent. 



3.3 Weak endoscopic lifts F 5 and F 6 (Local Klingen lift) 

Let p be the automorphic character of Q(\/— 1) associated to the CM-elliptic curve y 2 — x 3 — x. Let 
n(p) (resp. n(p 3 )) be the irreducible cuspidal automorphic representation of PGL 2 (A) obtained from p 
(resp. p 3 ). Let <j>i,p 2 G Irr(PGL 2 (A)) as in the table of p. 869. Then, 

4>i = ir(p), p 2 = n(p 3 ). 

In [15], we showed that there are cuspidal automorphic representations corresponding to fa, pi of a 
definite quaternion algebra which splits outside of {00, 2}. We denote them by <$>' ,p\. By THEO- 
REM 8.5 of Roberts [18], we find that all the weak endoscopic lifts of {4>i,p 2 ) (resp. (x2</>i, X2P2)) 
are {0 2 (0i, p 2 ), © 2 (</>i, p' 2 )} (resp. {Q 2 (X-2<t>i, X-2P2), © 2 (X-2^i, X-2P 2 )})- Let P 5 ,P 6 be the Siegel 
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modular forms as in [5]. In [15], wc realize F5 (resp. Fq) by the Yoshida lift (G>2((4 , 'n P2)) ( res P- 
@2((X-20i, X-2P2)))- In this section, we show that 2 ((0i, /o 2 ) and 2 ((x_2<?i>i, X-2P2)) have right 
T(4, 8)2-invariant vectors, where 



r(4,8) = { 



A B 
C D 



e T(4) C Sp 4 (Z) I diag(B) ee diag(C) ee (mod 8)}. 



This means there are non-holomorphic differential forms corresponding to these vectors on the Siegel 
threefold related to T(4, 8). Similarly, we would like to explain that both of 02((0i, p' 2 ), ©2((x-2</>i, X-2P2)) 
have right T(4, 8)-invariant vectors, similarly. This is another proof for the conjecture 

L(s, F 5 ; AE) = L(s, fi)L(s, ^ 3 ), L(s, P 6 ; AE) = L(s, nx-2 ° N q{V ^ )/q )L(s, ° ^q(v^T)/q) 

of [5]. Then, we start a general setting. Let (01,(72) be a cuspidal pair of Irr(PGL 2 (A)). We call the 
w-componcnt ^((ciu, o~2 V )) of ©2((cij 02)) the local 0-lift of (o~\ Vl <J2v), which is determined only by the 
local data (a\ v , o~2 V )- If o~iv ~ a2 V , we call 6>2((<7i«, o~i v )) the 'local generic Klingen lift of a\ v '. Further, 
suppose that u\ v is square-integrable. In this case, there is an irreducible admissible representation a' lv 
of the division quaternion algebra over Q„. Let B/ q be a quaternion algebra which does not split at 
v. Take an irreducible cuspidal automorphic representation a' of PB(A) X so that a' v ~ a' lv . We define 
local #-lift 92{{<j' 1v1 <j' 1v )) and call the 'local non generic Klingen lift of o\ v ', similarly. First, we show the 
following general results. 

Proposition 3.9. Let tt be an irreducible cuspidal automorphic representation of PGL2(A) with level 
N. Let $q be the Siegel operator defined in section 2.2. Then, $Q(0 2 ((7r, tt)))\gl 2 (a) — n - 

Proof. From n, take a newform /, which is right (A)-invariant. For ip e <S(M2(A) 2 ), we consider 
F = 6 2 (<p, f M f). Put a Schwartz-Bruhat function (p 2 (x) = ip(0, x) of M 2 (A). Then, we have 

$ Q (F)(g,z)=6 1 (<p 2 ,f®f)(g). (3.10) 

and 

W$M)= [ r 1 (l^ P (h,b2))^(l)J(b 1 )f(b 2 )db 1 db2. (3.11) 

J SOx((})\SOx (A) 

The stabilizer subgroup of 1 e M 2 (Q) is ip({(b u h) \ h e GL 2 (A)}). We set ^(x) = c h(x; Ro(NZ p )) 
and (foo suitably, where Rq(NZ p ) is the Eichler order of level AZ p defined in (3.3). Then, noting that the 
Petersson inner product of / and / is not vanishing and that / is rig ht F (A) (^-invariant, one can see 
easily that (3.11) is not zero. Hence, $q(02((7t, it))) is not vanishing, that is, ©2((7T, tt)) is not cuspidal. 
Further, it is easy to see <J>q(02((7t, k)))\gl 2 (Q p ) = n p at P \ N- Hence, by the strong multiplicity one 
theorem for GL 2 (A), we get the assertion. □ 

Remark 3.10. One can see 02((7r,7r)) is not cuspidal by the result of Kudla-Rallis [12]. Let S = {v | 
v = 00 or tt v is ramified}. The partial i-function Ls(s 7 02((tt, tt)); r 5 ) of degree five is (s(s)Ls(s, tt x tt), 
and has a double pole at s = 1. But, according to [12], the partial i-function of a cuspidal representation 
of GSp4(A) does not have a double pole. Hence 02((7r, tt)) is not cuspidal. 

Corollary 3.11. Let tt p be an irreducible admissible representation of PGL 2 (<Q P ). Let n be the order 
of the level of tt p at p and 



Kl p (n) 



z p 




Zp 


Zp ' 


z p 


Zp 


Zp 


Zp 


Zp 


P n Z P 


Zp 


Zp 


n z p 


P n Z P 


p nr l v 


Zp 



n GSp 4 (z p ). 



Then, the local generic Klingen lift #2 ((?!>, %)) has a right AT/ p (n)-invariant local P-degenerate Whittaker 
function such that ^ 0. 

Proof. Take an irreducible cuspidal automorphic representation r of PGL,2(A) so that r p = tt p . We 
consider 02((t, t)). Let / £t,^£ <S(Af 2 (Q P )) be the same as in the proof of Proposition 3.9. Let 

<p P (xi,x 2 ) = ch(xi;M 2 (Z p ))(^p(x 2 ). 
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Notice y> p (0, x 2 ) — ipp(x2)- By the properties of r p in (2.2) ~ (2.4), one can check that Wp^ is right 

-ftr/ p (n)-invariant. Then, we see as in the proof of Proposition 3.9 that Wp ^(l) ^ by choosing a suitable 

<p v € <S(M 2 (Q„)) outside of {p}. Hence, Wp^\cs Pi (q p ) is the desired local Q-degenerate Whittaker 
function. 



□ 



Corollary 3.12. Let tt p , n be the same as above, and 



Kl' p (n) 



P n Z P 
Z„ 



Z c 



z p 

Z D 



u^p ajp 

pT, p p n 7L p Jj p Jj p 
p n Z p p n Z p p n Z p Z p 



n GSpi{z p ). 



Suppose that ir p is square-integrable. Then, the local nongcneric Klingen lift &2{{^' p ,^' p )) has a right 
^(n)-invariant W$ p such that W$ p (l) ^ 0. 

Proof. The proof is similar to Corollary 3.11. However, notice that the characteristic function of the 
maximal order of the division quaternion algebra over Q p is right Fq 1 ^ (p)-invariant, not SL 2 (Z p )-invariant, 
with respect to the action of SX 2 (Q p ). By this reason, Kl' p (n) is smaller than Kl p (n) as above. □ 

Then, we apply above results to our aim. For this, we need: 

Lemma 3.13. The v-component <j>i iV at v — 2 is supercuspidal and equivalent to p 2;2 . 

Proof. As seen in [15], <p\ is obtained by the Jacquet-Langlands lift. Hence 01,2 is square-integrable. 
The level of special representations of PGL 2 ((Q)p) is p, 4>i.2, of level 32, is not a special representation. 
Hence the first claim. Let p be the place of Q(\/— T) lying over 2. We normalize |/i p | = 1. Then, p p is 
{±1, ±\/^T}-valued on Op . Hence p v = JJ^ on Op . Since the central character of n(p p ) is trivial, we have 



01,2 = n(fj,p) = Tl(fl p ) = 7T(^3) = p 22 = P2.2- 



This completes the proof. 

Then we describe our final result in this section. 



□ 



Theorem 3.14. The globally generic weak endoscopic lift ©2((0i, P2)) (rcsp. 2 ((x-20i, X-2P2))) of 
(cohomological) weight (3, —1) has a right T(4, 8)-invariant vector. Similarly, the Yoshida lift 02((0' 1 , p' 2 )) 
(resp. 2 ((x-20i, X-2P2))) nas a right T(4, 8)-invariant vector. In particular, F 5 € 2 ((</>' 1 , p' 2 )) and F 6 e 
e 2 ((x-20i,X-2P 2 ))- Clearly, L(s, F 5 ; AE) = L(s, <j>i)L(s, p 2 ), L(s,F 6 ;AE) = L(s, X-2<j>i)L(s, X-2P2), 
outside of {2}. 

Proof. Since the level of X-2(fii, X-2P2 is 64, 02((</>i, P2)) has a right Kl2(Q) invariant W® 2 by Corollary 
3.11. Kl2(Q) is isomorphic to the congruence subgroup 



Z 2 2Z 2 2 5 Z 2 2 4 Z 2 

2"% Z 2 2 4 Z 2 2 3 Z 2 

2Z 2 2 2 Z 2 Z 2 2"% 

2 2 Z 2 2 3 Z 2 2Z 2 Z 2 



n GS P4 (Q 2 )- 



Then, by using the property of W® 2 , one can construct a right F(4, 8)-invariant vector, similar to the 
discussion in front of Theorem 3.2. The proof for the other weak endoscopic lifts are similar to this. □ 

Remark 3.15. If ir p is a supercuspidal representation, then the local generic Klingen lift of ir p is the 
constituent of a parabolically induced representation which is denoted by t(S, ir p ) in [19]. On the other 
hand, the local nongeneric Klingen lift is r(T, ir p ). 



4 Automorphic forms on SU2,2(Ka) 

In this section, we will consider the ^-correspondence for GSO(6) and GSp(4) and that for U(4) and U(2,2). 
Let V be an anisotropic six dimensional space denned over Q with discriminant dy- Let K = Q(\/— dy)- 
Let 

U 2m (K) = {g e GL 2m (K) |* gl 2m g = hm}, U m ,m( K ) = {.9 e GL 2m (K) |* gr] m g = Vm} 



13 



and GU 2m (K),GU m , m (K) be the similitude groups and SU 2m (K) = SL 2m (K) n U 2m {K), SU m , m ( K ) = 
SL 2m (K) n U m . m (K). Let a be an irreducible cuspidal automorphic representation of GSOy(A). By 
the Weil representation of Sp4 x Oy, we can consider the 0-lift of cr to GSp4(A), similar to section 2. 
We denote the 0-lift of cr by <d 2 (cr). On the other hand, we can obtain an injective isomorphism J of 
GUi{K) to GSOy from Theorem 16 of [13]. In particular, J : SU±/{±1} ~ 50y. By J, we can obtain 
an automorphic representation of GU^Kj^). We denote it also by cr. Then, by the Weil representation of 
U±(K) x U 2 ^ 2 (K), we can consider the 0-lift of a\u to U 2}2 (K&) and denote the 0-lift by @ 2t2 (cr\u)- First, 
we show the following. 

Proposition 4.1. Let cr <= Irr(GS'Oy (A)) be cuspidal. If 9 2 (cr) ^ 0, then Q 2 , 2 {a\u) ^ 0. 

Proof. Let r 2 = <g)„r 2 be the Weil representation of Sp(2) x Oy. Take a nonzero F £ 62(0"). The 
Fourier coefficient Ft associated to T = *T > is written as 



F T (1) = / 



s (A)\SO v (A) 



1 (l,h)<p(xi,x 2 )f(h)dh 



by some / e cr and a pair of xi,x 2 € V(Q) whose Gramian is T. Here Z Xl>X2 C 5CV indicates the 
pointwise stabilizer subgroup of x\,x 2 , and <p is a Schwartz-Bruhat function of V^(A) 2 . Hence, 



L 



2 (Q)\2x 1 ,x 2 (A) 



/(zh)dz ^ 



XliX2 is isomorphic to an orthogonal group of rank four. Hence, by 

~ 04(A), such that 



for some h £ SCV(A). Notice that 

the isomorphism J, there is a subgroup Uw — U 2 {K) embedded into Z Xl>X2 

f(zh)dz ^ 0. 



L 



Uw(K)\U w (K A ) 

Let Vu be the Hermitian vector space on which U±{K) acts. Notice that Uw stabilizes a pair y\,y 2 £ Vy 
such as 

(2/1,2/1) (2/1,2/2) 
(2/2,2/1) (2/2,2/2) 

where (*, *) denotes the Hermite form of Vu- Similar to F £ 92(c), also for F' £ 92,2(<?1r/), we write 



y := 



>o, 



Uw(K)\U 4 (K) 



r u (l,h)<p(y 1 ,y 2 )f(h)dh 



where rjj is the Weil representation of C/2,2 x U4 and <p <= ^(Fa) 2 . It is possible to choose <j> so that 
Fy(l) 7^ (c.f. Concluding Remarks in [24]). Hence the assertion. □ 
By this proposition, we find the existence of F in Theorem 1.2. Let S a be the finite set of places of 
Q consisting of 

(i) the archimedean place and all places v where K v /Q v is ramified. 

(ii) all finite places at which a v is ramified. 

By Kudla [11], we calculate the standard Langlands L- function of o-\so v (°f degree six) is equal to 
((s)L(s } F5, \K\ 7-5) outside of S a . Here L(s, F 5 , \k\ r$) v is the x/f-twist of L(s,F 5 ;r 5 ), as usual. It is 
easy to see that 

Ls a (s,<d 2 A (T \u)\so x ) = L StT (s,o-\so x )- 

Hence (1.2). Finally, we show the last assertion of the Theorem. For this, we consider the standard 
Langlands i-function of a noncuspidal automorphic representation r of SOy(A). Recall the Siegel 
operator $ for Hermitian modular forms on SU 2 , 2 {K^). Let 



Ni = 



Mi 



1 



v w 
1 w 

1 

1 



1 u 

1 



z a 



z c 7 



t- x z 



z c /3 
z c 5 



tz 



1 

-u 1 

" a f3 

7 5 



v £ Q, u,w £ K 



£ SU ljl {K),z£ K\t£ Q x } 
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where K 1 = {z e K x \ N K/q (z) = 1}. We embed SU 1A {K) x K 1 x Q x into Mi , naturally. A holomorphic 
Hcrmitian modular form F is a noncuspform, if and only if 

$(F)(g,t,z;h)=vol(N 1 (k)\N 1 (A))- 1 f F{n{g,t, z)h)dn 

J Ni(K)\N-i{K k ) 

is not a zero function of (g,t,z) at some h <G SU2,i{Kk) (c.f. [10]). Then, let E be a holomorphic 
noncuspform of weight k. Imitating the method of Zharkovskaya [25], or observing each local Jacquet 
module with respect to N\ at a good place, we can write, outside of finitely many bad places, 

L(s, E) = L(s, <ti)L(s, ai,x)L{s, v), (4.1) 

by certain <j\ G lri(GL 2 (A)), v G Irr(Ojf(A)), and automorphic character \ of A x of weight n — 3. 
However, if F G 62(c) satisfies the generalized Ramanujan conjecture at a good place p, then the L- 
function L(s, F; r 5 ) of degree five is in the form: 

((1 - p- s )(l - a pP - s )(l - SV S )(1 - b pP - s ){\ - b-'p-^y 1 

with \a p \ = \b p \ = 1. Since every automorphic form of &2,2(<j\u) is holomorphic of weight 4, comparing 
with (4.1) for k = 4, we obtain the last assertion. 
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